Abstract: We performed computer modelling of a fast electrical discharge in a nitrogenfilled alumina capillary in order to discover discharge system parameters that may lead to efficient recombination pumping of soft X-ray laser with active medium created by Hlike nitrogen ions. The space-time dependences of pinch plasma quantities were found by means of a one-dimensional MHD code. Time dependences of populations of all ionisation states and populations of selected energy levels of lithium-, helium-and hydrogen-like nitrogen ions were evaluated using the FLY code as a post-processor. The population inversion was found at the quantum transition corresponding to the Balmer α-line of N 6+ ions and the resulting gain factor was evaluated for different capillary radii, initial pressures, electric current peaks and periods. A gain factor of 1 cm −1 spanning the time interval of 1 ns was found for an optimised arrangement with capillary radius 1.5 mm, peak current 50 kA, quarter period 40 ns and filling gas pressure 0.5 kPa. It is pointed out that even higher values of the gain factor may be achieved with thinner capillaries and shorter current pulses, e.g. a gain factor of 6 cm −1 is achieved if the capillary radius is 0.5 mm, peak current 56 kA, quarter period 15 ns, and filling nitrogen pressure 3.9 kPa.
Introduction
Non-stationary properly hot and ionised plasma of a fast capillary electrical discharge may be useful for soft x-ray laser pumping. Namely, a pinching plasma column inside argon filled capillary has been shown to be an efficient way of pumping, resulting in lasing at 46.9 nm [1] . In this case the active medium is formed by collisionally excited neon-like argon ions (Ar 8+ ) * created during the pinch compression stage in the overheated plasma column.
Shorter lasing wavelengths and higher pumping efficiencies may be achieved using Balmer alpha transition of hydrogen-like ions as the lasing transition [2] . The recombination-pumping scheme has been investigated in several laboratories, namely for hydrogenlike carbon ions (C 5+ ) * with a lasing wavelength of 18.2 nm [3, 4] . In spite of a longterm research effort in this area, there is, as yet no properly working capillary discharge recombination pumped x-ray laser.
Our aim is to study, by means of a theoretical model, the conditions needed to achieve lasing at 13.4 nm wavelength, using excited hydrogen-like nitrogen ions (N 6+ ) * by a capillary discharge. The primary pumping process is a three-body collisional recombination, taking place in a non-stationary under-cooled plasma, which is created during the pinch expansion stage. We have performed a detailed study of fast electrical discharge in an alumina capillary filled with nitrogen. The evaluated peak value of the gain factor on the capillary axis is taken as the characteristic attribute for optimisation of the discharge system.
Principle of recombination pumping
A Z-pinch in a capillary electrical discharge creates a long narrow cylinder of nonstationary properly hot and ionised plasma. Recombination pumping of hydrogen-like ions inside this cylinder may be realized during the pinch decay, when non-equilibrium under-cooled plasma is formed [2] . In a nitrogen-filled capillary discharge the excited hydrogen-like nitrogen ion (N 6+ ) * is created according to the recombination-pumping scheme:
The required excited state (N 6+ ) * corresponds to the upper level of the Balmer alpha transition n=3 → n=2, and the lasing wavelength is 13.4 nm. For efficient excitation of the upper laser level, a high concentration of fully stripped ions N 7+ and a high value of electron density are needed.
The temperature dependence of ion abundances in the equilibrium nitrogen plasma may be calculated according to [5] . The result is seen from figure 1. A prevailing concentration of fully stripped N 7+ ions is established if the plasma electron temperature is higher than 150 eV.
Unfortunately, the ionisation state in the fast capillary discharge is far from the equilibrium state. The plasma is overheated during pinch plasma compression and is under- cooled during the pinched plasma expansion. In order to obtain a proper peak value of the degree of ionisation in pinched plasma, the peak value of the electron temperature should be higher than that assigned for equilibrium plasma.
Experimental scheme
We will further describe the non-stationary discharge plasma behaviour in an alumina capillary initially filled with nitrogen. The analysed experimental set up is similar to our previous one [4] . The discharge circuit is described as a sub critically damped RLC circuit (figure 2). Charging capacitance C may be easily varied in the range 10 ÷ 100 nF, whereas the inductance L = 40 ÷ 80 nH is parasitic, determined by the apparatus design. Resistivity R is generally time dependent, predominantly given by the discharge plasma. As the resistivity R is very small the period of current is practically equal to 2π (LC) 1/2 . The values of R and L are not directly measured, but are guessed from the measurements of the current profile, which is characterized by current peak value I max , quarter period T 1/4 and dumping time t 2 .
In the following analysis we vary the range of capillary radius r 0 = 0.5 ÷ 1.5 mm, filling pressure p 0 = 0.01 ÷ 10 kPa, circuit quarter period T 1/4 = 15 ÷ 40 ns and I max = 10 ÷ 100 kA.
Computer model
The computer modelling was performed in the following three stages: (1) The spatial and time dependences of plasma density, plasma electron and ion temperatures and electron density in a nitrogen-filled alumina capillary discharge are evaluated by means of the MHD code NPINCH [6] . (2) The time dependences of ionisation fractions and energy level populations for lithium-, helium-and hydrogen-like nitrogen ions on the capillary axis are evaluated by means of the kinetic code FLY used as a post-processor [7] . (3) The gain factor for Balmer alpha transition is assessed according to [8] .
Plasma dynamics
An one-dimensional two-temperature and one-fluid MHD approximation is used to describe the plasma behaviour. Owing to the large length-to-radius ratio of the capillary and the short duration of the discharge, an 1-D approximation is adequate. Consequently, all vector components as well as scalar values of field and plasma quantities in the cylindrical system of coordinates depend only upon the radial coordinate r and time t. The wall ablation of alumina capillary is neglected and consequently we do not take into account the existence of the capillary wall at the initial stage of the discharge. The current pulse passing through the capillary is presumed to be in the form:
where input modelling parameters
, t 2 = −1/α are related to the initial charging voltage U 0, and circuit parameters R, L, C as α = -R/2L,
In the following, we present the results of the MHD simulation performed for an alumina capillary with inner radius r 0 = 1.5 mm, pre-filled with pure molecular nitrogen at pressure p 0 = 0.5 kPa (or initial nitrogen atom density N 0 = 2p 0 /kT 0 = 2.4 × 10 17 cm −3 ). Initial plasma electron temperature T e = 0.5 eV and current pulse I 1 = 60 kA, t 1 = 40 ns, t 2 = 200 ns are presumed. In this case the peak value of current I(t max ) = 49.5 kA is reached at t max = (2t 1 /π)arctg{πt 2 /2t 1 } = 37 ns (see figure 3 (a)). wall and a converging shock wave propagates from the wall to the channel axis. The time of the first contraction or pinching of the plasma is t p = 36 ns.
During the compression stage Joule heating plays a minor role. The converging shock wave finally produces high density and temperature plasma on the axis, as shown in figure 4a), 4b). A hot plasma core with the radial dimension r core = 0.125 mm and central mass density ρ core = ρ(0, t p ) = 5.7 × 10 −4 g/cm 3 is formed. The core electron temperature is 150 eV. The electron density is of the order of 1.5 × 10 20 cm −3 . After the pinch, the plasma column begins to expand due to the high pressure inside. In expanding plasma the electron temperature decreases from 150 eV to 35 eV during a very short time interval ∆t = 3.5 ns. It is well known that the first compression of the pinch is stable and results in a compact dense and hot plasma column on the capillary axis. At the stage of expansion the MHD instabilities may break the uniformity of the plasma column, leading to turbulent mixing, enhanced heat transport and resistance. However, as we know from the theory of the classical pinch effect, MHD instabilities begin to evolve when the expansion velocity begins to decrease [9] . If the lasing occurs during the few first nanoseconds after the reflection of the shock wave, MHD instabilities have no time to evolve. The validity of our description of the plasma behaviour in the capillary discharge ends at the moment when the diverging shock wave reaches the capillary wall.
The radial distributions of the electron density N e and temperature T e at different moments are shown in figure 5(a), 5(b). At t = 32 ns we see the converging shock wave that creates a concave density profile. On the shock wave reaching the axis, the local minimum of the electron density on the axis disappears, and at t = 36 ns the maximum plasma parameters are achieved. Then the expansion of the pinch begins. At t = 40 ns the pinch diameter is already 1.2 mm, and the electron density is more than ten times lower. The axial electron temperature is 35 eV at this moment.
Nitrogen ionisation and energy level populations
Quick changes of electron temperature during the plasma pinch and decay lead to ionisation and excitation non-equilibrium. The FLY code [7] is used as a post processor to determine the time dependences of the ionisation state and selected energy level populations of lithium-, helium-and hydrogen-like nitrogen ions. The files containing the temporal history of axial plasma electron temperature T e (0, t) and mass density ρ(0, t), resulting from MHD simulations, serve as input history files for the code.
Substantial changes of ionisation and population densities are found in the time in- terval from 33 ns to 37 ns, i.e. during the pinch collapse, see figure 6 . The population densities of N 5+ and N 6+ increase rapidly and prevail in the interval 34 ÷ 35 ns and 35 ÷ 37 ns, respectively. The population of fully stripped ions N 7+ is lower than N 6+ all the time, even if the achieved plasma temperature is high enough to make the N 7+ ion concentration prevalent in the equilibrium plasma.
The time dependences of the laser energy level populations corresponding to the Balmer alpha line are presented as dashed lines in figure 6. The population inversion N 6+ 3 > N 6+ 2 for the quantum transition 3 → 2 arises at t inv = 36.8 ns, when the temperature T e is decreasing very fast and the fully stripped ions N 7+ recombine efficiently.
Gain factor time dependence
The instantaneous gain factor G for Balmer alpha transition is evaluated as where the cross section for stimulated emission σ stim = 2.38 × 10 −15 cm 2 [8] and the inverse function
The inverse function F takes into account different statistical weights for the lower and upper laser levels (g 2 = 8, g 3 = 18). The laser threshold is achieved if F = 0. Hence, lasing starts at the moment, when the higher energy level population equals to N 6+ 3 = (g 3 /g 2 ) N 6+ 2 being slightly delayed after the moment t inv when the inversion population is achieved.
The time dependence of small signal gain factor G is determined by the time dependences of both laser level populations N and N 6+ 2 . In our case cited above (a non-ablating alumina capillary with radius r 0 = 1.5 mm filled with initial atom density N 0 = 2.4 × 10 17 cm −3 and current pulse with T 1/4 = 40 ns and current peak value I max = 49.5 kA at t max = 37 ns) the gain factor has a shape of very short peak with the maximum value G(t G ) = 1.2 cm −1 at the time t G = 37.6 ns (see figure 7) . The peak value of the gain is achieved during the pinch decay; being delayed almost 2 ns after the pinch time t p . Generally, t p < t inv < t F =0 <t G . The active laser medium is created for a relatively short period τ G approximately equal to 1.3 ns. 
Estimation of refraction losses due to plasma density gradient
At the moment of lasing the electron density has a parabolic like profile with a maximum on the plasma axis (see figure 5 ). Electron density decreases as a function of distance away from the axis and the refractive index increases in that direction. Refraction causes a loss and limits the maximum amplification length [1] . The decisive parameter is the characteristic refraction length L r = L x {N ec /N e (0, t G )} 1/2 , determined by the radial dimension L x of plasma column and by the value of electron density N e (0, t G ) on the axis (N ec = 6.2 × 10 24 cm −3 is critical density for electromagnetic waves with the wavelength λ = 13.4 nm). In our case L x = 230 µm, N e (0, t G ) = 6.4 × 10 19 cm −3 , and L r (t G ) = 7.2 cm. Resulting refraction gain-length product G(t G )L r = 8.6 proves that refraction losses may be neglected if the length of plasma column is smaller than L r (t G ) = 7.2 cm. For longer active columns the effective gain factor
should be taken into account.
Appraisal of optical depth effect
Our evaluation of the gain factor takes into account the plasma values and energy level populations on the capillary axis only. To estimate the role of the plasma opacity, the time dependent plasma radius, as it follows from MHD calculations (see figure 4) , was introduced into the FLY code. In this approximation details of radial dependence of plasma values are neglected. The plasma column is taken to be homogeneous; time dependence of plasma electron density and temperature is given by their axial values following from MHD simulations. The resulting energy level populations of hydrogen -like nitrogen ions (on the whole interval of their appearance) are almost equal to the values obtained under the thin plasma approximation. We conclude that in this case the radiation trapping does not influence the evaluated time dependence of gain factor seriously.
Laser system optimisation
In the frame of our model the optional experimental parameters are capillary radius r 0, initial filling pressure p 0 (or atom concentration N 0 ) of nitrogen, electric current peak value I max and quarter period T 1/4 . Hence, the optimisation is performed in the fourdimensional space (r 0 , N 0 , I max , T 1/4 ) of the experimental parameters, taking the peak value of the gain factor G(t G ) as the basic criterion. The range of investigated optional parameters is determined by the known experimental limitations, namely by the lowest value of the current quarter period T 1/4 and the highest value of current peak I max .
Dependences of plasma parameters and gain factor on the initial atom density
We have performed the simulations of the capillary discharge dynamics for r 0 = 1.5 mm, T 1/4 = 40 ns, I max = 50 kA and various nitrogen atom concentrations N 0 . It may be seen from figure 8a) that the pinch time t p is tuned by the choice of the initial gas filling density N 0 . For lower initial values of N 0 the pinch time t p is shorter. A double pinch occurs if the initial density is equal to or less than N 0 = 1.0 × 10 17 cm −3 . The pinch time approximately coincides with the time of the peak current t p ∼ t max for initial atom density N 0 = 2.4 × 10 17 cm −3 . In this case the axial compression ratio ρ(0, t p ))/ρ 0 = 197 and the pinch decay is relatively fast. This case was presented above in the section 2.
The peak value of the electron temperature decreases with increasing initial atom density (see figure 8b) ), and for initial atom density N 0 = 2.4 × 10 17 cm −3 it has the value T e = 141.1 eV. On the other hand, the peak electron density value increases with increasing initial pressure (see Fig. 8c )), and for initial atom density N 0 = 2.4 × 10 17 cm −3 has the value N e = 3.0 × 10 20 cm −3 . The gain factor time dependences have been also calculated for various initial atom densities N 0 . The time t G of the peak as well as the peak values of the gain factor G(t G ) are very sensitive to the changes of initial atom gas density N 0 , see figure 9 . The highest peak value of the gain factor is achieved for N 0 = 2.4 × 10 17 cm −3 . The corresponding peak value of electron temperature T e,max (t p ) = 141.1 eV results in highly ionised plasma with a non-negligible concentration of N 7+ (see figure 6 ). The electron density at the gain time N e (t G ) = 6.4 × 10 19 cm −3 is lower than the limit for laser level population collisional mixing.
For a given capillary radius r 0 and current waveform, the peak value of gain factor G(t G ) may be expressed as a function of the initial gas pressure (see figure 10 ). The gain curve shows that the measurable gain factor for r 0 = 1.5 mm, T 1/4 = 40 ns, I max = 50 kA is found in the pressure range 0.4 kPa < p 0 < 0.6 kPa. This dependence would be easily verified by experiment.
3.2 Dependence of the pressure optimised gain factor on the current peak value
To every driving current pulse shape and capillary radius an optimum gas density may be attributed. If r 0 = 1.5 mm, T 1/4 = 40 ns and current peaks I max are varied, the results are depicted as figure 11 and summarized in table 1. The pressure optimised gain factor increases remarkably with increasing peak current I max , whereas the electron density N e (t G ) at the gain time t G increases slowly. It is interesting to note that in all the pressure optimised cases the peak values of electron temperature T e,max are approximately the same and equal to 140 eV (see table 1 ). As it is seen from figure 11, the dependence of the optimum gain factor values G(t G ) on the peak current I max shows that there is a slight saturation effect caused probably by the collisional mixing. The highest electron density N e (t G ) = 6.4 × 10 19 cm −3 approaches the critical value for collisional mixing. Table 1 Optimized gain for T 1/4 = 40 ns, r 0 = 1.5 mm and various peak currents I max .
Dependence of the pressure optimised gain factor on the capillary radius
The role of the capillary radius was investigated on the basis of repetitive simulations for selected values of I max = 41.3 kA, T 1/4 = 40 ns and various capillary radii r 0 in the range of 1 mm < r 0 < 1.5 mm. For each radius r 0 the optimum initial density N 0,opt has been tuned. The results are summarized in table 2 and the dependence of the optimised gain factor on capillary radius r 0 is seen in figure 12 . The maximum value of the optimised gain factor G(t G ) = 0.32 cm −1 is found for r 0 = 1.25 mm and atom filling density N 0,opt = 2.5 × 10 17 cm −3 . If the capillary radius is changed, N 0,opt decreases with increasing radius r 0 and the optimised gain factor G(t G ) is remarkably reduced for r 0 > 1.5 mm. On the other hand, for capillaries with radius r 0 < 1.25 mm the pinch time t p < t max and the gain time t G < t max result in a rather low value of the maximum temperature T e , max , which does not guarantee a sufficiently high degree of ionisation for efficient recombination pumping.
Pressure optimised gain factor for narrower capillaries and shorter quarter periods
We observed that the best laser pumping is obtained if the pinch time t p is approximately equal to the current peak time t max . Consequently, all input parameters (capillary radius r 0 , initial atom concentration N 0 , peak current I max and quarter period T 1/4 ) have to be carefully matched.
To consider the role of the quarter-quasi-period T 1/4 we performed supplementary simulations for T 1/4 = 15 ns, r 0 = 0.5 mm. We varied the peak current I max and looked for appropriate initial filling pressures to obtain an optimised gain factor (see figure 13 and table 3). In this case the optimised gain factor G(t G ) = 6.1 cm −1 is forecasted for I max = 55.7 kA. From the comparison of results summarized in tables 1, 3 or figures 11, 13 we conclude that shortening the current pulse and decreasing the capillary radius results in a remarkable increase in the achievable gain factor. Conditions for lasing are more favourable with thinner capillaries and shorter current pulses.
Conclusions
We have developed a method for optimising capillary discharge nitrogen laser pumping. The method is based on computer modelling of plasma dynamics, plasma ion kinetics and evaluation of the gain. Plasma quantities are evaluated as functions of radial and time coordinates, whereas the ionisation stage, energy level populations and gain factor are evaluated as functions of time for the axial coordinates only.
We found a gain factor G = 1 cm −1 spanning the time interval of 1 ns for an optimised arrangement with capillary radius r 0 = 1.5 mm, peak current I max = 50 kA, quarter period T 1/4 = 40 ns and filling gas pressure p 0 = 0.5 kPa. Higher values of the gain factor may Table 3 Optimized gain for T 1/4 = 15 ns, r 0 = 0.5 mm and various peak currents I max .
be achieved with thinner capillaries and shorter current pulses. For example, G = 3 cm
spanning the time interval of 0.7 ns is achieved for r 0 = 0.5 mm, I max = 46 kA, T 1/4 = 15 ns and p 0 = 3.1 kPa. The estimated gain factor values and gain durations are suitable for construction of devices with approximately 10 cm long capillaries.
The optimisation was performed in the region of parameters that are achieved in laboratories. We hope that the results may be taken as proposal for experimental implementation, and that they will support the general effort to develop a scheme for a tabletop soft X-ray laser with recombination pumping.
